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Part 1: System of linear
equations

(We sometime call it “linear system”)
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Learning objectives
After this lecture, you should be able to:

1. analyze the components of a system of linear equations;
2. verify whether a given set is a solution of a linear system;

3. identify a homogeneous and non-homogeneous linear system;

4. formulate the coefficient matrix and augmented matrix of a given
linear system;

5. showing that elementary row system gives an equivalent linear
system,;

6. analyze the geometric interpretation of a linear system with 1, 2, or
3 variables;

7. apply the elimination and substitution algorithms to solve a linear
system,;

8. explain the concept of linear system written in triangular matrix or
in echelon form.
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Terminology and notation (1)

Given unknowns variables x1, x2, ..., xp, a linear equation on the
variables is defined as:

aix) + apxo + -+ apxy = b (1)

where a1, a2, ..., ap, b € R (this can be replaced by another field).

A solution of equation (1) is a list of values for the unknowns, or a
vector u in R".

X1=HN, X2=1"r, ..., Xp=1n ot u=1(r,rn,....rm)
This means that the following is correct:
ain+arn+--+aprm=>b

In this case, we say that u satisfies equation (1).
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Terminology and notation (2)

In equation (1):
aix1+axxo+---+anxpn=>b

We say that:

® the equation is written in the standard form
® the constant ay is the coefficient of xx

® b is the constant term of the equation

Note: If nis small, we use different letters to denote the variables,
instead of using indexing.
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Example: how many solutions are there?

Given an equation:
2x+3y—z=4

Can you find a solution for the equation?

How many solutions that you can find?
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System of linear equations

A system of linear equations is a list of linear equations:
Li,L5,..., L, with the same variables x1, x5, ..., xp.

aiixy + aXxo + -+ aipXn = by

as1X1 + anxa + -+ + axpxp, = by

am1X1 + amex2 + -+ + amnXn = bm

where a;; and b; are constants.

The system is called an m x n system

ajj is the coefficient of variable x; in the equation L;

the number b; is the constant of the equation L;
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The system of linear equations is written in standard form
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What does the word “linear” mean???
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Solution of “system of linear equations”

aiixi + axg + - -+ + aipXnp = by

az1X1 + axnxp + -+ + apXy = bo

am1X1 + ameX2 + - + amnXn = bm

A solution of the system is a list of values for the unknowns or a
vector u in R".
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Example: verifying solution of a linear system

Given the following system of linear equations:

x14+ xo4+4x3+3x4 =5
2x1+3x+ x3—2x4 =1
X1 +2x0 —bx3+4x4 =3

® What is the value of m and n in the system?

® Determine whether the following are solutions of the system!
1. u=(-8,6,1,1)
2. v=(-10,5,1,2)
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Part 2: Types of system of
linear equations
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Augmented and coefficient matrices of a system

The system of linear equations:

auxi + anxe + -+ amxa = b

anxi + anxe + -+ amxn = b2

amiX1 + ameX2 + + - + AmnXn = bm

can be written in matrix form:

aiiXxi di2Xx2 -+ dinXn by ai a2 -+ an X1 by
anXi axxe - amXn| _ | b2 an axn - am| |x| _|b
dm1X1 am2X2 e dmnXn bm aml am2 e amn Xm bm
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Augmented and coefficient matrices of a system

ail ar -+ ain air ar - ain b
a a PR a a a P a

21 ax» 20| and 21 ax on b
dml adm2 - dmn amli aAm2 - - amn bm

® the left matrix is called the coefficient matrix of the system;

® the right matrix is called the augmented matrix of the system.

Furthermore, the vector
by

b
bm
is called the constant vector (or constant matrix) of the system.
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Example: augmented matrix and coefficient matrix

Given the following system of equations:

X1+ xo+4x3+3x4 =5
2x14+3x%+ x3—2x4 =1
X1+ 2x0 —5x3+4x4 =3
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Example: augmented matrix and coefficient matrix

Given the following system of equations:

X1+ xo+4x3+3x4 =5
2x14+3x%+ x3—2x4 =1
X1+ 2x0 —5x3+4x4 =3

The coefficient matrix and the augmented matrix are as follows:

11 4 3 11 4 3 5
23 1 -2 and |2 3 1 =21
1 2 -5 4 1 2 -5 4 3
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Homogeneous & non-homogeneous linear system

For the given system:

air a2 - ain b ail a

a a .- a a a
21 ax» on b and 21 axn

aml am2 - 3mn bm dml  adm2

din
azn

dmn

It is called homogeneous if b; = 0, Vi. Otherwise, it is called

non-homogeneous.

Every homogeneous linear system always has a solution. Can you

guess what it is?
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Degenerate and non-degenerate linear equations

A linear equation is degenerate if all coefficients are zero

Ox1 +0xo+---+0x,=0b

Can you guess, what is the condition s.t. the linear equation
has a solution?
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Degenerate and non-degenerate linear equations

A linear equation is degenerate if all coefficients are zero

Ox1 +0xo+---+0x,=0b

Can you guess, what is the condition s.t. the linear equation
has a solution?

® |f b+ 0, then the equation has no solution.

e If b =0, then every vector u = (r,r,...,r,) in R"is a
solution.
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Degenerate linear equations

Theorem
Let L be a system of linear equations that contains a degenerate
equation L, with constant b.

1. If b# 0, then the system L has no solution.

2. If b= 0, then L may be deleted from L without changing the
solution set of L.
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Leading unknown in a nondegenerate linear equation

Given a non-degenerate linear equation L.

® What can you say about the coefficients of L?
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Leading unknown in a nondegenerate linear equation

Given a non-degenerate linear equation L.

® What can you say about the coefficients of L?

L has at least one non-zero coefficient

Example
The following are non-degenerate linear equations.

0x1 +0x2 +5x3+6x4 +0x5 +8x =7 and Ox+2y —4z=5

The zero coefficients are usually omitted.

5x34+6x4 +8x¢ =7 and 2y —4z =5
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Part 3: Elementary row
operations
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Linear combination

Given:
aj1xy + apxo + -+ + aipxn = by
ax1x1 + axnxp + -+ axpxn = by
amiX1 + amex2 + -+ amnXp = bm
Multiply the m equations by constants ci, ¢, ..., Cm:

(C1311+‘ . '+Cmam1)X1+' . "|‘(C131n+' . ‘+Cmamn)Xn = C1b1‘|'

This is a linear combination of the equations in the system.
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Example
Given a linear system:
X1+ Xo+4x3+3x3 =5
2x1+ 3%+ x3—2x3 =1
X1 —|—2X2 —5X3+4X4 =3

Then:
3L1: 3x1 4+ 3x + 12x3 + 9x4 =15
—2L2 : - 4X1 - 6X2 - 2X3 + 4X4 =-2
4L1 : 4X1 + 8X2 - 20X3 + 16X4 =12
(Sum)L: 3x3 + 5% — 10x3 + 29x =25

® [ is a linear combination of Lq, L», and L3
® |s u=(-8,6,1,1) a solution of the system?

® |s u=(-8,6,1,1) a solution of the linear combination?

What can you conclude?
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Equivalent systems

Theorem

Given two systems of linear equations, say L1 and L. They have
the same solutions iff each equation in Ly is a linear combination
of the equations in L.

Definition

Two systems of linear equations are equivalent if they have the
same solutions.
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Elementary operations

Given a system of linear equations Ly, Lo, ..., Ly,. The following
operations are called elementary operations.

e [E1] Interchange two of the equations
Interchange L; and L; or Lj<« L;
® [E2] Replace an equation by a nonzero multiple of itself.
Replace Lj by kL; or kL; — L;

¢ [E3] Replace an equation by the sum of a multiple of
another equation and itself.

Replace L; by kLj + Lj or kLi+L; —L;
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Theorem

Given a system L. Let M be the system obtained from L by a
finite sequence of elementary operations.

Then M and L have the same solutions.
Note: Sometimes E; and E3 can be applied in one step:
[E] Replace equation L; by kL; + k'L; (where k, k' # 0)
kL,‘ + k/Lj — [_J'

How to find a solution of a linear equations system?

® Use elementary operations to transform the given system into
an equivalent system whose solution can be easily obtained

This is called Gaussian Elimination (will be discussed later).
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Part 4: Small square systems
of linear equations
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Linear equation in one variable

Example

Solve the following linear system of one variable:
®4x—-1=x+6
® 2x -5 —x=x+4+3
® 44+ x—-3=2x+1-x

What can you conclude?
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Linear equation in one variable

Example
Solve the following linear system of one variable:

®4x—-1=x+6
® 2x -5 —x=x+43
® 44+ x—-3=2x+1-x

What can you conclude?

Theorem
Given the system of unique linear equation ax = b.

1. Ifa#0, then x = g is a unique solution of the system.
2. Ifa=0, but b # 0, then the system has no solution.
3. Ifa=0 and b =0, then every scalar k is a solution of ax = b.
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Example

Example

Solve the following linear system of one variable:

® 4x —1=x+6 (Theorem 7 (1))
In standard form: 3x =7. Then x = % is the unique solution.

® 2x —5—x = x+ 3 (Theorem 7 (2))
In standard form: Ox = 8. The equation has no solution.

® 44+ x—3=2x+1—x (Theorem 7 (3))
In standard form: Ox = 0. Then every scalar k is a solution.
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System of two linear equations in two variables

Given a system of two non-degenerate linear equations in two

variables:

Aix + Bly =
Aox + Boy = G

Example
Solve the following system of linear equations:

Li: x—y=-4 Li: x+3y=3 Ly :
Ly: 3x+2y =12 Ly: 2x+ 6y = —8 Ly :

What can you conclude?
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x+2y=4
2x+4y =8



The number of solutions of (2 x 2)-system

1. The system has exactly one solution.

Li: x—y=-4
Ly: 3x+2y=12

2. The system has no solution.

Li: x+3y=3
Lr: 2x+46y=-8

3. The system has an infinite number of solutions.

Li: x+2y=4
Ly: 2x+4y =28
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Geometric interpretation

N

u‘ B z\
2

(a) Exactly one A , (c) Infinitely many
solution (b) No solution solution
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1. System with exactly one solution

e Given:

Aix + Bly =
Aox + Boy = G

® Both lines have distinct slopes

A B;
— £ — A1B, — A>B
2 7£Bg or Ai1By —AB; #0

I Za 2 0 2 l\
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2. System with no solution
e Given:
Aix+ By =G
Aox + Boy = G
® Both lines are parallel (have the same slope)
Ar B, G

M s h A1By — A;B1 =0
A B G ere A1bp 2b1

o
,z\
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3. System with infinitely many solutions
® Given:
Aix+ By =G
Aox + Boy = G
® Both lines have the same slopes and same y-intercepts

Al Bl C1
A2 82 C2 ere 1 D2 2 D1 0
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Recap

® The system has exactly one solution when A1 B> — A2B; # 0

® The system has no solution of infinitely many solutions when
A1B, — AB; =0

The value A1 By, — A> By is called determinant of order two

A B
A B

Q: Can you relate the solution of system of linear equations to
determinant?
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Recap

® The system has exactly one solution when A1 B> — A2B; # 0

® The system has no solution of infinitely many solutions when
A1B, — AB; =0

The value A1 By, — A> By is called determinant of order two

A B
A B

Q: Can you relate the solution of system of linear equations to
determinant?

Remark: A system has a unique solution iff the determinant of its
coefficients is not zero.
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The number of solutions of (3 x 3)-system

(a) One solution {b) Infinite number (¢} Infinite number
{a paint) of solutions {a line) of solutions (a plane)

{d) No solution (&) No solution
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Example 1: unique solution

111 o 11 1
2 3 111 Gaussian elimination 0 1 -1
31 2|1 0 0 1

from which we can derive the set of solution:

X1:1, XQZO, X3:—1
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Example 2: infinitely many solution

1 1 24 o 11 2|4
2 1 112 Gaussian elimination 01 1|2
1 2 316 0 0 0|0

From the last row, we can derive the equation:
Ox; +0xp +0x3 =0

which can be satisfied by many value of x. The solution can be written in
parametric form:

® |let x3 =k, with ke R
® Thenxo=2—kandxy =4—x—2x3=4—(2—k)—2k=2—k

This means that there are an infinitely many solutions, because there are
infinitely many possible values of k.
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Example 3: no solution

1 1 2|4 o 1 1 2|4
2 1 112 Gaussian elimination 01 112
1 2 3|7 0 0 0|1
From the last row, we can derive the equation:
Ox; +0x, +0x3 =1 (1)

Clearly, no possible value of x1, x, x3 € R that can satisfy equation (1).

40 /42 © Dewi Sintiari/CS Undiksha



What about a system with more than 3 variables?

Remark

® For a linear system with more than 3 variables, it's hard to
interpret it geometrically.

® However we can check the possible number of solutions by
looking at the shape of the reduced echelon form.

Figure: Left (unique solution), middle (many solutions), right (no
solution) — source: lecture notes of Rinaldi Munir, ITB
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to be continued...
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